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Abstract 
 

Contaminants within groundwater move in the subsurface depending upon the physical 

and chemical nature of the contaminant and the physical and chemical characteristics of 

the aquifer in which the groundwater is located. In this study, nontoxic amounts of the 

nonlinear adsorbing solute lithium was traced over a three-year period in a sand and 

gravel aquifer, which has had both chemical and physical characteristics documented in 

previous studies, located in Cape Cod, Massachusetts. The lithium data is compiled into 

spatial moment representations, using a trapezoidal integration technique along with a 

Delaunay triangulation scheme, in order to quantify plume characteristics throughout the 

experiment. Comparisons are made between the results of this study to that of a study 

completed in 1987, which used slightly different methods to quantify the data over time. 

Quantitative sets of equations are then derived using a Gaussian Plume model 

approximation as well as a Saturated flow approximation in order to attempt to model the 

spatial moment changes over time. Results are shown for the derived spatial moment 

equations and the results of the comparison between model and field data. 
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Chapter 1: Introduction 
	
"#"  $%&'()&!
!
	 As	groundwater	moves	in	the	subsurface,	contaminants	within	the	water	can	

adsorb	 to	 soil	 pores	based	upon	both	 the	physical	 and	 chemical	 properties	 of	 the	

aquifer	in	which	the	groundwater	is	located.	The	rate	at	which	sorption,	the	process	

by	which	a	material	adsorbs	to	soil	pores,	is	typically	represented	by	an	adsorption	

isotherm	 determined	 through	 laboratory	 experiments	 (Buergisser	 et	 al,	 1993).	

These	 isotherms	 describe	 the	 amount	 of	 solute	 sorbed	 to	 the	 total	 amount	 in	

concentration	at	a	 constant	 temperature.	Adsorption	 isotherms	can	be	both	 linear	

and	nonlinear	in	nature	depending	upon	the	chemical	nature	of	the	adsorbent.	For	

the	purpose	of	this	experiment,	the	structure	of	a	Freundlich	isotherm	(Freundlich		

1906)	 has	 been	 assumed	 based	 on	 a	 previous	 study	 (Garabedian	 1987).	 The	

adsorption	isotherm	used	during	this	experiment	can	be	seen	in	Equation	1.1	where	

S	is	the	mass	sorbed,	KF	is	the	Freundlich	coefficient,	C	is	the	mass	in	solution,	and	N	

is	the	adsorption	coefficient.		

! =  !!!! 	 (1.1)	

	 Quantitative	models	are	used	in	science	today	to	predict	everything	from	the	

weather	to	population	based	income	changes;	subsurface	hydrology	can	also	make	

use	of	these	models.	In	this	experiment,	a	large-scale	natural	gradient	tracer	test	is	

analyzed	 in	 an	 effort	 to	model	 the	nonlinear	movement	 and	decay	of	 a	 controlled	

contaminant	 injected	 into	 the	 soil.	 Field	data	 collected	 throughout	 the	duration	of	

the	 test,	described	 in	 section	1.2,	 is	 analyzed	and	compared	 to	a	numerical	model	

derived	to	test	the	lifetime	changes	of	contaminants	injected	during	the	tracer	test	
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and	the	reliability	of	the	quantitative	model.		Calculations	from	data	collected	in	the	

field	are	made	of	total	change	of	mass,	the	location	of	the	center	of	mass	over	time,	

and	 the	 variance	 of	 the	 contamination	 plume	 around	 the	 center	 of	 mass.	 The	

calculated	values	 are	 then	 compared	 to	 a	previous	 study	 that	 calculated	 the	 same	

values	 using	 a	 different	 technique.	 Using	 the	 quantitative	 model,	 described	 in	

section	 2.2,	 attempts	 are	made	 at	 predicting	 changes	 in	 the	 plume	 characteristics	

over	 time.	 Finally,	 concluding	 remarks	 are	made	 and	 suggestions	 for	 future	work	

and	improvements	are	provided.	

	

"#*!+&,- !.&,)%/0-/12 !
!

A	large-scale	tracer	test	was	conducted	over	a	three-year	period	beginning	in	

July	1985,	in	which	three	chemical	contaminant	solutions	were	injected	as	a	pulse	at	

a	 source	 location	 and	 the	 three-dimensional	 transport	 and	 dispersion	 of	 the	

contamination	 plumes	 were	 monitored.	 These	 contaminant	 solutions	 contained	

nontoxic	amounts	of	bromide,	a	nonreactive	tracer,	lithium	and	molybdenum,	both	

reactive	 tracers	 (LeBlanc	 et	 al.	 1991).	 This	 paper	 will	 look	 at	 the	 transport	 and	

dispersion	 of	 the	 lithium	 plume	 in	 order	 to	 gain	 a	 better	 understanding	 of	 the	

processes	 controlling	 nonlinear	 adsorption.	 Through	 lab	 experiments,	 it	 has	 been	

shown	that	solutions	containing	lithium	compounds	adsorb	to	soil	pores	nonlinearly	

during	subsurface	groundwater	movement	(Stollenwerk	and	Kim,	1990;	Wood	et	al.	

1990).	 While	 lithium	 solutions	 undergo	 sorption,	 solutions	 containing	 bromide	

move	linearly	through	the	subsurface	while	not	adsorbing	to	the	soil	and	thus	act	as	

quality	 groundwater	 tracers	 (Garabedian	 1987).	 For	 the	 purposes	 of	 this	
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experiment,	 the	 bromide	 data	 will	 be	 used	 to	 estimate	 the	 total	 groundwater	

velocity	and	as	a	movement	comparison	to	the	lithium	plume.	

	 The	 tracer	 test	 was	 completed	 on	 the	 western	 part	 of	 Cape	 Cod,	

Massachusetts,	 near	 Otis	 Air	 Base,	 at	 an	 abandoned	 gravel	 pit	 in	 which	 the	

experimental	 groundwater	 plume	 could	 remain	 unobstructed	 throughout	 the	

duration	of	the	experiment.	The	location	of	the	site	can	be	seen	in	Figure	1	below	in	

which	 the	 hatched	 area	 represents	 the	 test	 site	 and	 the	 dashed	 line	 is	 the	water	

table	 altitude	 in	 meters.	 Known	 concentrations	 of	 the	 bromide,	 lithium,	 and	

molybdenum	 solutions	 were	 injected	 at	 a	 single	 injection	 site	 during	 a	 24-hour	

period.	Bore	holes	were	dug	south	and	east	of	the	injection	sites,	as	seen	in	Figure	2,	

where	 concentration	 measurements	 could	 be	 made	 at	 multiple	 levels,	 shown	 in	

Figure	 3,	 throughout	 the	 hole.	 A	 comprehensive	 description	 of	 the	 test	 site	 and	

measuring	techniques	can	be	found	in	Leblanc	et	al.	1991.		

	
3/45%&!"6!3%17!8&9:(2)!&-!(:#!";;" !
!

!
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!
3/45%&!*6!3%17!8&9:(2)!&-!(:#!";;" !
!

!
	
3/45%&!<6!3%17!8&9:(2)!&-!(:#!";;"!
!

!
!

"#<!=%152>?(-&%!@1A&7&2-!B/2&-/),!
	
	 The	 movement	 of	 water	 in	 the	 subsurface	 has	 several	 driving	 forces	 that	

determine	 the	 ability	 to	 flow	 and	 the	 flow	 rate	 of	 groundwater.	 The	 hydraulic	

conductivity,	 or	 the	 permeability	 of	 the	 aquifer,	 is	 often	 highly	 spatially	 variable	

within	a	single	aquifer	(Gelhar	1993)(Sudicky,	1986).		The	spatial	variability	of	the	
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hydraulic	 conductivity	 arises	 from	 large	 heterogeneities	 within	 an	 aquifer.	 These	

heterogeneities	can	be	physical	in	nature,	such	as	changes	between	sand	and	gravel,	

or	 they	can	be	chemical	 in	nature,	 such	as	having	different	sorption	properties.	 In	

this	study	an	aquifer-wide	estimated	hydraulic	conductivity	was	used	(LeBlanc	et	al.	

1991).	Along	with	an	aquifer-wide	hydraulic	conductivity,	aquifer	scale	porosity	has	

been	 calculated	 to	 determine	 the	 amount	 of	 void	 space	 within	 the	 aquifer	

(Garabedian	1991).	The	movement	of	groundwater	is	based	upon	Darcy’s	Law	and	

Fick’s	Law.	

! ! = −!!"
!ℎ
! !!

	 (1.2)	

!! ! !! ! !"
!"
! ! !

	 (1.3)	

	 Darcy’s	 Law,	 Equation	 1.2,	 describes	 the	 flow	 rate,	 qi,	 of	 a	 fluid	 though	 a	

porous	 medium	 depending	 upon	 the	 hydraulic	 conductivity,	 Kij,	 and	 pressure	

gradient,	(dh/dxj),	present	in	the	medium.	Fick’s	Law	represents	the	diffusion,	Dij,	of	

a	substance,	(dc/dxj),	over	time	in	a	particular	direction.	This	study	assumes	a	fully	

saturated	 flow	pattern	 throughout	 the	duration	of	 the	 test;	 therefore	all	equations	

presented	are	shown	in	terms	of	saturated	flow.	

	
"#C!@17&2-!.&'/2/-/12 !
!
! Three-dimensional	 representations	 for	 groundwater	 plume	 characteristics	

can	 be	 defined	 by	 spatial	 moments.	 Spatial	 moments	 define	 characteristics	 of	

groundwater	 plumes	 such	 as,	 total	 mass	 in	 solution	 (zeroth	 moment),	 center	 of	

mass	 (first	 moment),	 variance	 about	 the	 center	 of	 mass	 (second	 moment),	 and	
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skewness	of	the	groundwater	plume	(third	moment).	 	Changes	in	spatial	moments	

over	 time	 represent	 the	movement	 characteristics	 of	 a	 groundwater	 plume.	 For	 a	

sorbing	 solute	 such	as	 lithium,	over	 time	 the	 zeroth	moment	decreases	 in	 time	as	

mass	 sorbs	 to	 soil	pores.	The	 first	moment	 increases	at	 a	 slower	 rate	 than	a	non-

sorbing	material	 as	 retardation	 typically	occurs	due	 to	 the	 sorbing	process,	which	

slows	the	overall	movement	of	the	plume.	Finally	the	second	moment	increases	at	a	

faster	rate	due	to	the	sorption	process	increasing	the	spread	of	the	plume.	Examples	

of	 these	 can	 be	 seen	 in	 Figure	 4,	 which	 illustrates	 three	 comparisons	 between	

bromide,	 on	 the	 right,	 and	 lithium,	 on	 the	 left,	 during	 the	 tracer	 test.	 The	 lithium	

plume	spreads	over	the	direction	of	flow	during	the	test,	while	the	bromide	plume	

remains	 in	 a	 concentrated	 ball	 as	 it	moves	with	 the	 groundwater.	 The	movement	

speed	can	also	be	seen	to	be	much	slower	within	the	lithium	plume	as	the	sorption	

process	is	occurring,	whereas	the	bromide	plume	is	located	nearly	200	feet	ahead	of	

the	lithium	plume	after	461	days	of	the	test.	

!
3/45%&!C#!
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Chapter	3:	Results	
	

3.1!Field	Data	Comparison	
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2-)*01!*2%!5+/&5+5!)*2)!)*+!429-+%!610.!52;!"""!&'!)*+!_212:+5&2'!%)-5;!.2;!:+!2'!

+110'+0-%!0-)9&+17!)*-%!2990=&'(!601!)*+!+>/9-%&0'!&'!)*+!5&66+1+'/+!/29/-92)&0'?!

!
Table	1.	

,&)*&-.! E+10)*!T0.+')!GB0'/+')12)&0'!G(JJ !
M2;%!26)+1!L'd+/)&0'! _212:+5&2'! B-11+')!W)-5;! `+1/+')2(+!B*2'(+ !

"I ! IUU! IYH?UH! I?NN!
II ! #"S! #"#?YI! FH?H#!
SS! I#I ! I#"?IU ! FH?#Y!
YI ! D#Y! D#Y?SD! H?D"!

""" ! "SY! DI#?Y#! #Y?UI!
"IN ! "YU! "NH?#H! D?IX!
"X#! "HY! "IY?YH! DY?SD!
DHI! "## ! "UU?"I! "S?IX!
DIX! "D" ! "IH?NN! Y?DU!
DXI! YN! N#?#X! U?"S!
I"S ! US! UX?NS! #?S#!
I#N! UH! U"?II ! D?DD!
IY# ! UX! XH?YD! S?XH!
#DU! DU! DS?NY! FH?HY!
#U"! SU! UI?Y#! "#?HH!
S"" ! U"! UI?IU! I?YX!
USX! IX ! IX?#X! "?DX!

! !

! ,003&'(!)0!)*+!/0.821&%0'%!601!)*+!6&1%)!2'5!%+/0'5!.0.+')%!&'!@2:9+%!D!2'5!

I!1+%8+/)&4+9;7!&)!/2'!:+!%++'!)*2)!)*+!429-+%!5+1&4+5!610.!)*&%!%)-5;!/0.821+!4+1;!

=+99!)0! )*0%+!06!_212:+5&2'?!@*+1+!0'/+!2(2&'!%++.%!)0! :+!2'!+110'+0-%!429-+!601!

)*+!6&'29!0:%+142)&0'!06!)*+!_212:+5&2'!429-+%7!2%!)*+!6&1%)!.0.+')7!)*+!90/2)&0'!06!

)*+!/+')+1!06!.2%%7!2/)-299;!:+/0.+%!/90%+1!)0!)*+!%&)+!06!&'d+/)&0'!:;!XH!6++)!&'!)*+!;F

5&1+/)&0'?!O%!=&)*!)*+!<+10)*!.0.+')!429-+%7!)*+!2-)*01!:+9&+4+%!)*&%!429-+!/2'! :+!

1+(215+5! 2%!2! 80)+')&29! /29/-92)&0'! +1101?!@*+! .04+.+')! 06! )*+! ,&)*&-.! 89-.+! &%!

81+50.&'2')9;! &'! )*+! '+(2)&4+! ;! 5&1+/)&0'7! 2%! /2'! :+! %++'! 610.! )*+! 6&1%)! .0.+')!

52)2?!M&66+1+'/+!&'!)*+!;!80%&)&0'!06!)*+!/+')+1!06!.2%%7!26)+1!1+.04&'(!)*+!6&'29!52;!
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06! 52)27! 9+25%! )0! 2! 5&66+1+'/+! 06! "?Yf! :+)=++'! %)-5&+%?! @*+! %+/0'5! .0.+')! 52)2!

%*0=%!4+1;!%&.&921!5&66+1+'/+%!:+)=++'!%)-5&+%!=&)*!0'9;!2!H?IYf!5&66+1+'/+!26)+1!2!

80)+')&29!+110'+0-%!52)2!80&')!&%!&('01+5!0'!)*+!""")* !52;?!

!
Table	2.	

,&)*&-.! V&1%)!T0.+')!B0.821&%0'!GB+')+1!06!T2%%!,0/2)&0'!G6)JJ!
_212:+5&2'!W)-5;! !! B-11+')!W)-5;!
g! h! E! M2;%!26)+1!L'd+/)&0'! g! h! E!

"?N! F"N?S! #H?D! "I ! "?X! F"N?X! #H?D!
U?X! F#I?X! IN?D! II ! U?S! F#I?S! IN?D!
X?X! FU#?X! IX?X! SS! X?#! FU#?S! IX?X!

"I?S! FN"?S! IX?H! YI ! "I?" ! FN"?I! IX?H!
D"?U! F"IU?I ! IU?U! """ ! "N?Y! F"D" ?S! IU?U!
DD?N! F"#X?S! IU?I! "IN ! DI?D! F"#X?"! IU?I!
DU?H! F"XD?I! IU?"! "X#! D#?U! F"UH?S! IU?D!
DU?#! F"YI?X! IS?I! DHI! DS?X! F"XY?D! IS?I!
DU?"! F"NU?H! I#?X! DIX! DS?Y! F"ND?X! I#?Y!
DS?#! F"NS?N! I#?X! DXI! DS?D! F"N"?U! I#?X!
DX?Y! FDHS?X! I#?Y! I"S ! DX?N! FDH#?I! I#?Y!
I"?D! FDDU?#! I #?S! I#N! I"?# ! FDDS?N! I#?S!
DY?X! FDHS?X! I#?X! IY# ! DY?N! FDHD?N! I#?X!
IX?X! FDY"?I! II?U! #DU! IX?U! FDY"?D! II?U!
IH?D! FDDI?D! I#?I ! #U"! IH?"! FDD"?U! I#?#!
IH?#! FDI#?N! II?N! S"" ! IH?"! FDIH?N! I#?H!
IU?I! F"UI?S! II?# ! USX! IU?I! FDUI?U! II?# !

!
Table	3.	

,&)*&-.! W+/0'5!T0.+')!B0. 821&%0'!Gi21&2'/+!G6)DJJ!

_212:+5&2'!W)-5;! !! B-11+')!W)-5;!
g! h! E! M2;%!26)+1!L'd+/)&0'! g! h! E!

"X?#! #I?S! #?X"! "I ! "D?S! IN?I! #?X!
"X?U! ""X?#! S?DS! II ! "I?# ! "HN?"! S?D!
"X?D! DDD?I! #?NS! SS! "I?# ! D"X?I! #?Y!
"X?Y! #"D?D! #?XD! YI ! "#?X! #HD?H! #?U!
"N?Y! DIN?D! I?DY! """ ! "U?Y! XYI?"! #?I!
"N?S! "HSX?H! S?"X! "IN ! ""?D! "H#U?Y! #?N!
"X?U! "XNH?H! S?I"! "X#! "D?X! DH#N?S! S?D!
#Y?H! "Y#I?H! U?SH! DHI! "I?Y! DHN#?H! U?#!
#H?X! DDXD?H! U?NY! DIX! DU?I! D##Y?"! U?X!
DN?H! DNI#?H! X?#U! DXI! "N?I! DNI#?N! X?D!
DN?X! SI"Y?H! X?"Y! I"S ! "Y?S! SHNX?U! U?N!
DU?X! IX""?H! X?"#! I#N! "S?#! IXSD?U! U?U!
DY?H! #S##?H! X?"Y! IY# ! DH?#! #SIY?U! U?S!
DY?Y! D"#N?H! #?HH! #DU! "S?U! D"UH?"! I?S!
ID?"! SUSD?H! X?#U! #U"! "N?X! SSYY?U! X?H!
ID?H! S#YD?H! X?Y#! S"" ! DH?#! SIXD?I! X?#!
DI?X! Y#SD?H! X?I#! USX! ""?I ! YI"S?H! U?N!

! !
! [+90=!&'!V&(-1+%!SFX!2!9&'+21!/0.821&%0'!&%! .25+!601! )*+!<+10)*7!6&1%)7!2'5!

%+/0'5!%82)&29!.0.+')%!:+)=++'!)*&%!%)-5;!2'5!)*2)!06!_212:+5&2'?!V01!)*+!<+10)*!

.0.+')7! 2! %908+! 06! H?NNNS! 2'5! 2'! cD!429-+! 06! H?NXU! &%! 60-'5! &'! )*+! /0.821&%0'?!
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,003&'(!)0!)*+!6&1%)!.0.+')7!2!%908+!06!H?NND"!2'5!2'!cD!429-+!06!H?YYYU!21+!60-'5?!

P*+'!)*+!+110'+0-%!80&')!0'!)*+!92%)!%2.89&'(!52;!&%!1+.04+57!)*+!1+%-9)&'(!%908+!

2'5!c D!21+!H?NNIH!2'5!H?NNUU!1+%8+/)&4+9;?!V&'299;!601!)*+!%+/0'5!.0.+')7!)*+!%908+!

&%! H?NUDS! 2'5! cD! &%! H?NNSY?! K'/+! 2(2&'! )*+! +110'+0-%! 80&')! 0'! 52;! """! /2'! :+!

1+.04+5!2'5!)*+!1+%-9)&'(!%908+!2'5!cD!21+!H?NX#S!2'5!H?NNXY!1+%8+/)&4+9;?!

!
Figure	5.
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Figure	6.	

!
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Figure	7.	

!
!
!

3.1.2	Bromide	Data	
	
! O!A-&/3!9003!2)!)*+!52)2!601!:10.&5+ !/2'!8104&5+!2!/0.821&%0'!)0!)*+!9&)*&-.!

52)2!2'5!)*+!2:&9&);!)0!%*0=!)*+!5&66+1+'/+%!:+)=++'!%-:%)2'/+%!)*2)!-'5+1(0!

%018)&0'!)*0%+!)*2)!50!'0)?![10.&5+ !52)2!610.!)*+!B28+!B05!%&)+!*2%!:++'!%)-5&+5!

+>)+'%&4+9;!=*+'!/0.821+5!)0!)*2)!06!9&)*&-.!G_212:+5&2'!"NYX7!_212:+5&2'!+)!29?!

"NN"27!,+[92'/!+)!29?!"NN"J?!L'!@2:9+%!#FU7!/0.821 &%0'%!:+)=++'!)*+!%82)&29!

.0.+')%!06! :10.&5+ !610.!)*&%!%)-5;!2'5!)*+!_212:+5&2'!"NYX!%)-5;!21+!%*0='?!L)!

/2'!:+!%++'!)*2)!2%!=2%!)*+!/2%+!=&)*!9&)*&-.7!)*+!429-+%!601!:0)*!%)-5&+%!21+!4+1;!

/90%+?!@*+!62/)!)*2)!:10.&5+ !50+%!'0)!-'5+1(0!25%018)&0'!&%!+4&5+')!610.!)*+!92/3!06!

2!5+/1+2%+!&'!)*+!<+10)*!.0.+')!429-+%?!@*&%!/2'!:+!%*0='!.2)*+.2)&/299;!:;!

9003&'(!)0!CA-2)&0'!D?N!2'5!'0)&/&'(!)*2)!&'!)*+!2:%+'/+!06!%018)&0'!T %!=&99!29=2;%!

:+!+A-29!)0!H7!)*-%!.23&'(!)*+!.2%%!&'!%09-)&0'!:+&'(!+A-29!)0!)*+!)0)29!.2%%?!@*+!

5&%)2'/+!)124+9+5!:;!)*+!:10.&5+ !89-.+!04+1!)*+!5-12)&0'!06!)*+!%)-5;!/2'!29%0!:+!

%++'!)0!:+!*&(*+1!)*2'!)*2)!06!)*+!9&)*&-.!2%!'0!1+)2152)&0'!06!)*+!690=!0//-1%!5-+!)0!



! I" !

)*+!04+1299!92/3!06!%018)&0'?!V&'299;7!)*+!421&2'/+!%*0=%!90=+1!429-+%!5-1&'(!)*+!92)+1!

%)2(+%!06!)*+!+>8+1&.+')!2%!)*+!89-.+!%81+25%!9+%%!)*2'!)*2)!06!9&)*&-.?!@*+!

%81+25&'(!)*2)!1+%-9)%!&'!)*+!9&)*&-.!/2%+!12)*+1!)*2'!)*+!:10.&5+!/2%+!&%!5-+!)0!)*+!

%018)&0'!810/+%%!9+24&'(!.2%%!:+*&'5!2%!)*+!(10-'5=2)+1!89-.+!.04+%!%0-)*=215?!

P*+'!:10.&5+!&%!/0'%&5+1+57!)*+!92/3!06!%018)&0'!9+25%!)0!)*+!89-.+!%)2;&'(!

)0(+)*+1!)*10-(*0-)!)*+!)12/+1!)+%)!2'5!)*+1+601+!1+5-/&'( !)*+!%81+25!06!)*+!89-.+7!

=*&/* !&%!%++'!&'!)*+!%+/0'5!.0.+')!52)2?!

!
Table	4.	
!

Bromide Zeroth Moment Comparison (Concentration (g)) 
Days After Injection Garabedian Current Study Percentage Change 

13 4442 4234.00 4.68 
33 5146 4746.00 7.77 
55 4939 4286.00 13.22 
83 4986 4890.00 1.93 
111 4912 4783.00 2.63 
139 4229 4301.00 -1.70 
174 4318 4245.00 1.69 
203 4850 4527.00 6.66 
237 4901 4862.00 0.80 
273 4469 4667.00 -4.43 
315 4808 4777.00 0.64 
349 4916 4762.00 3.13 
384 4927 4870.00 1.16 
426 4936 4970.00 -0.69 
461 4998 5104.00 -2.12 
511 4953 4303.00 13.12 

 

!
Table	5.		

Bromide First Moment Comparison (Center of Mass Location (ft)) 
Garabedian  Current Study 

X Y Z Days after Injection X Y Z 
2.5 -24.3 40.3 13 2.0 -23.0 39.9 
8.7 -55.3 38.3 33 7.6 -52.9 38.0 
9.9 -85.0 36.3 55 8.7 -80.4 35.8 
18.5 -127.6 34.7 83 18.6 -128.7 35.1 
26.7 -167.1 33.8 111 27.3 -168.2 34.1 
33.2 -211.5 33.9 139 32.9 -209.2 33.8 
36.5 -251.2 31.6 174 37.0 -255.2 32.0 
37.5 -291.4 30.8 203 38.1 -285.9 31.1 
38.6 -329.3 30.3 237 39.4 -324.2 30.5 
43.5 -375.0 30.2 273 43.0 -375.2 29.9 
54.8 -439.4 30.8 315 54.9 -439.2 30.9 
62.4 -483.8 30.7 349 62.0 -479.9 30.5 
71.7 -532.7 30.3 384 71.9 -534.4 30.2 
83.2 -592.0 29.3 426 83.0 -591.9 29.3 
93.7 -644.1 28.6 461 93.9 -643.9 28.6 
106.3 -702.1 26.6 511 100.5 -687.6 26.1 

!
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Table	6.		
Bromide Second Moment Comparison (Variance (ft^2)) 

Garabedian Study  Current Study 
X Y Z Days after Injection X Y Z 

16.6 69.8 4.0 13 10.9 45.8 4.0 
19.8 217.1 5.0 33 16.3 139.8 4.9 
20.7 375.1 5.4 55 16.6 218.3 4.7 
26.7 564.5 7.8 83 21.8 564.5 5.6 
33.8 921.5 7.9 111 23.6 906.1 7.1 
37.4 1261.1 7.7 139 26.0 1336.7 7.3 
46.3 1443.5 11.1 174 34.5 1518.1 8.8 
41.4 1742.0 11.0 203 28.1 2206.6 10.0 
54.7 1910.4 11.3 237 56.4 2856.1 12.0 
55.8 2114.4 11.3 273 50.0 2087.7 10.4 
65.0 2590.2 14.7 315 60.5 2673.9 14.5 
63.2 2441.1 9.4 349 55.6 2837.0 10.1 
75.0 3515.7 8.8 384 67.5 3532.1 7.6 
82.8 3597.1 8.7 426 70.8 3577.6 7.9 
76.9 4003.2 10.5 461 57.2 3992.0 8.8 
112.5 4362.9 14.3 511 84.2 3257.3 13.8 

	
3.2	Quantitative	Modeling	
	 ! $%&'(!)*+!A-2')&)2)&4+!.05+9%!5+1&4+5!&'!%+/)&0'!D?D7!/0.821&%0'%!/2'!

'0=!:+!.25+!:+)=++'!)*+!429-+%!%*0='!&'!)*+!)2:9+%!2:04+!2'5!)*0%+!5+1&4+5!610.!

)*+!.05+9?!

3.2.1	Zeroth	Moment	
	 $%&'(!CA-2)&0'!D?DI7!)*+!12)&0!06!.2%%!&'!%09-)&0'7!)*+!<+10)*!.0.+')7!)0!)*+!

)0)29!.2%%!/2'!:+!%094+5!601!2'5!)*+'!.05+9+5!2(2&'%)!)*2)!06!)*+!6&+95!52)2!)*2)!*2%!

:++'!%*0='!&'!%+/)&0'!I?"?!i29-+%!601!%0.+!%)2)+!421&2:9+%!21+!9&%)+5!&'!@2:9+!X?!O99!

429-+%!*24+!:++'!)23+'!610.!T&1299+%FP&9*+9.!"NNI? !

Table	7.	

M+6&'+5!i29-+%!
T @! SNS!(!
M"" ! ""HHH!/. Db52;!
MDD! DD!/. Db52;!
MII ! ?DD!/.Db52;!
] V! H?I!G9b.(JH?S!

j : ! "?X!(b/. I !

' ! H?IN!
^ ! H?S!

!

! P*2)!&%!+>8+/)+5!&%!)*2)! )*+!A-2')&)2)&4+!.05+9&'(!+A-2)&0'7!CA-2)&0'!D?DI7!

=&99! .2)/*! )*+! %)1-/)-1+! 06! )*+!6&+95! 52)2?! V&(-1+! Y! :+90=! %*0=%! )*+! /0.821&%0'!
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:+)=++'! )*+! .05+9+5!+A-2)&0'7!9&'+7!2'5! )*+!6&+95!52)27! /&1/9+%?!L)! /2'! :+!%++'! )*2)!

)*+!.2)/*!&%!'+219;!&5+')&/29!=*+'!/0.821&'(!)*+!)=0!2'5!)*-%!)*+!2-)*01!:+9&+4+%!

)*2)! =&)*! )*+! *+98! 06! %&.89+! (04+1'&'(! +A-2)&0'%! 2'5! 2! 6+=! 28810>&.2)&0'%7! )*+!

<+10)*! .0.+')! 06! 2! '0'9&'+21! %01:&'(! %09-)+! /2'! :+! )12/+5! )*10-(*! )&.+! -%&'(!

CA-2)&0'!D?DI?!W9&(*)!.05&6&/2)&0'%!*24+!:++'!.25+!)0!6&)!)*+!9&'+!)0!)*+!6&+95!52)2?!L'!

015+1!)0!:+))+1!6&)!)*+!.05+9+5!9&'+!)0!)*+!52)27!2!)1&29!2'5!+1101!25d-%).+')!06!)*+!

25%018)&0'! /0+66&/&+')! 2'5!V1+-'59&/*! /0+66&/&+')! *24+! :++'! .25+! :;! %9&(*)9;!

/*2'(&'(! +2/*! 429-+! -')&9! 2'! 2//+8)2:9+! 6&)! =2%! 1+2/*+5?! [;! 3++8&'(! :0)*! )*+!

25%018)&0'!/0+66&/&+')!2'5!V1+-'59&/*!/0+66&/&+')!/90%+!)0!)*+!+%)&.2)+5!429-+%!610.!

_212:+5&2'7!&)!&%!+'%-1+5!)*2)!)*+!.05+9!&%!'0)!/*2'(&'(!)*+!04+1299!5;'2.&/%!06!)*+!

2A-&6+1?!

!
Figure	8.	
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3.2.2	First	and	Second	Moments	

	 _128*&/29!1+81+%+')2)&0'%!06! )*+!6&1%)!2'5!%+/0'5! .0.+')%!429-+%!&'! )*+! ;F

5&1+/)&0'!21+!%*0='!&'!V&(-1+%!N!2'5! "H!1+%8+/)&4+9;?!i29-+%!&'! :0)*!890)%!601!52;!

#DU!%*0=!-'+>8+/)+5!5+/1+2%+%7!=*&/*!*2%!:++'! '0)+5!2%!2'!&'/0.89+)+!%2.89&'(!

52;!G_212:+5&2'!"NYXJ?!M-1&'(!.05+9&'(!06!)*+!6&1%)!2'5!%+/0'5!.0.+')%7!)*+!52)2!

80&')! 601! 52;! #DU! =&99! :+! &('01+5! 601! :+))+1! 1+81+%+')2)&0'! 06! )1-+! 89-.+!

/*212/)+1&%)&/%?! @*+! 1+92)&4+! 4+90/&);! 06! )*+! 9&)*&-.! 89-.+! /2'! :+! &')+181+)+5 ! :;!

9003&'(!)0!)*+!%908+!06!)*+!:9-+!9&'+!&'!V&(-1+!N!2'5! /2'!:+!%++'!%90=&'(!50='!5-1&'( !

)*+!%+/0'5!*296!06!)*+!+>8+1&.+') 7!+%8+/&299;!=*+'!/0.821+5!)0!)*+!1+5!9&'+!=*&/*!

1+81+%+')%!)*+!.04+.+')!06!)*+!:10.&5+ !89-.+ ?!@*+!1+92)&4+!%8++5!06!)*+!:10.&5+ !

89-.+!1+.2&'%! /90%+! )0! /0'%)2')! )*10-(*0-)! )*+!+>8+1&.+')! 2%!&)! .04+%!=&)*! )*+!

(10-'5=2)+1?!O%! )*+!4+90/&);! 06! 9&)*&-.!%90=%! 50='! &'! V&(-1+! N7! )*+! 421&2'/+!06!

9&)*&-.7! :9-+! 9&'+7! &'! V&(-1+! "H! /0')&'-+%! )0! &'/1+2%+! 2%! %018)&0'! /0')&'-+%! )0!

&'/1+2%+!)*+!%81+25!06!)*+!89-.+?!T+2'=*&9+!)*+!:10.&5+ !89-.+!50+%!'0)!%*0=!2%!

(1+2)!06!2!421&2'/+!)0=215%!)*+!+'5!06!)*+!+>8+1&.+')!=*+'!/0.821+5!)0!9&)*&-.!2%!

%*0='!&'!W+/)&0'!I?"?D!
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Figure	9.	

	

	

Figure	10.	

	

! O'! 2))+.8)! =2%! .25+! 2)! .05+9&'(! )*+! 6&1%)! %82)&29! .0.+')! :;! %094&'(!

CA-2)&0'! D?IH?"! )*10-(*! )*+! -%+! 06! :2/3=215%! C-921&2'! &')+(12)&0'?! L)! =2%! 60-'5!
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Chapter	4:	Summary	and	Conclusion	
	

4.1	Summary	
! @*10-(*! )*+! -%+! 06! )128+<0&529! &')+(12)&0'! 2'5! M+92-'2;! )1&2'(-92)&0'7!

%82)&29! .0.+')! /29/-92)&0'%! *24+! :++'! .25+! 601! 2! '0'9&'+21! %01:&'(! %09-)&0'! 06!

9&)*&-.!2)!)*+!B28+!B05!)12/+1!)+%)?!@*+%+!429-+%!*24+!%*0='!)0!:+!/0.8212:9+!)0!2!

81&01!%)-5;! /0.89+)+5!:;!_212:+5&2'!"NYX!=&)*!cD!429-+%!299! '+21!01!(1+2)+1!)*2'!

NHf?!!P&)*!/0'6&1.+5!/29/-92)&0'%!06!%82)&29!.0.+')%!610.!6&+95!52)27!5+1&42)&0'%!06!

A-2')&)2)&4+! .05+9%! 06! %82)&29! .0.+')%! /0-95! :+! .25+! -%&'(! 2! _2-%%&2'! `9-.+!

.05+9! 28810>&.2)&0'! 2%! =+99! 2%! *24&'(! 2A-&6+1! %8+/&6&/! 8010%&);! 2'5! *;512-9&/!

/0'5-/)&4&);?!!

! @*+!A-2')&)2)&4+!1+81+%+')2)&0'!06! )*+!<+10)*! .0.+')! *2%!%*0='! )0! .2)/*!

-8!+>)1+.+9;!=+99!=&)*!)*2)!06!)*+!6&+95!52)2!/29/-92)+5!81&01?!P&)*!)*+!69+>&:&9&);!06!

:+&'(!2:9+!)0!)=+23!)*+!25%018)&0'!/0+66&/&+')!2%!=+99!2%!)*+!V1+-'59&/*!/0+66&/&+')!)0!

2990=!)*+!.05+9!06!)*+!<+10)*!.0.+')!)0!.2)/*!)*+!6&+95!52)2!8104&5+%!2!80=+16-9!

)009!&6!:0)*!429-+%!1+.2&'!90(&/29?!!@*+!429-+%!-%+5!601!)*+!25%018)&0'!/0+66&/&+')!2'5!

V1+-'59&/*!/0+66&/&+')!*24+!:++'!+%)&.2)+5!610.!81+4&0-%!%)-5&+%G_212:+5&2'!"NYXk!



! IX !

T&1299+%FP&9*+9.!"NNIJ !2'5!=*&9+!)*+;!*24+!:++'!%9&(*)9;!601!)*&%!%)-5;7!)*+!/*2'(+%!

2990=!)*+!429-+%!)0!1+.2&'!=&)*&'!1+2%0'?!!

!
4.2	Improvements	
! l-2')&)2)&4+!.05+9%!06!*&(*+1!.0.+')%!/-11+')9;!21+!-'%0942:9+!5-+!)0!)*+!

6&1%)!2%%-.8)&0'! .25+!601!)*&%!%)-5;?! [;! -%&'(!2!_2-%%&2'!`9-.+!28810>&.2)&0'7!&)!

*2%! :++'! 2%%-.+5! )*2)! 2%! )*+! /0')2.&'2)&0'! 89-.+! )124+9%7! )*+! 89-.+! 1+.2&'%!

_2-%%&2'!&'!'2)-1+!)*10-(*0-)!)*+!5-12)&0'!06!)*+!)+%)?!V10.!V&(-1+!#7!&)!/2'!:+!%++'!

)*2)!)*+!9&)*&-.!89-.+!90%+%!)*+!_2-%%&2'!601.!)*+!90'(+1!)*+!)+%)!92%)%!2%!)*+1+!&%!

%018)&0'!)23&'(!892/+!2%!)*+!89-.+!.04+%!2'5!)*+!%81+25!06!)*+!89-.+!&'/1+2%+%!&'!

)*+!; F5&1+/)&0'?!L'!015+1!)0!%094+!601!)*+!*&(*+1!.0.+')%!2'!288 102/*!)*2)!50+%!'0)!

-)&9&<+!)*+!_2-%%&2'!28810>&.2)&0'!.2;!:+!'+/+%%21;?!!L'!255&)&0'!)0!/011+/)&'(!)*+!

89-.+! 28810>&.2)&0'7! &.8104+.+')%! /2'! :+! .25+! &'! )*+! /0.821&%0'! )0! )*+!

_212:+5&2'! .0.+')! 2'29;%&%?!@*+!2-)*01! *2%!5&%1+(215+5!%+4+129!52;%!06!1+/015%!

=* +'! /0.821&'(! /29/-92)&0'%!06! )*+!%82)&29! .0.+')%7!*0=+4+17!&'4+%)&(2)&0'%!&')0!

)*+! 5&66+1+'/+%! .2;! :+! =2112')+57! 2%! )*+! 5&66+1+'/+%! 50! '0)! 6299! 0'! 0'+! %8+/&6&/!

%2.89&'(!52)+?!

4.3	Future	Work	
! P&)*! )*+! %-//+%%6-9! 5+1&42)&0'! 06! )*+! <+10)*! .0.+')! .05+97! %-//+%%6-99;!

%094&'(! 601! *&(*+1! .0.+')%!=0-95! :+! )*+! '+>)! %)+8?! W)0/*2%)&/! 2'29;%&%! =2%!

2))+.8) +5!&'!015+1!)0!2//0-')!601!%.299!5+4&2)&0'%!&'!%)2)+!421&2:9+%!)*10-(*0-)!)*+!

5-12)&0'! 06! )*+! +>8+1&.+')7! *0=+4+1! )*+! 1+%-9)&'(! 2'29;%&%! 1+4+29+5! )*2)! 299!

%&('&6&/2')!A-2')&)&+%!=+1+!)00!%.299!&'!)*+!1+%-9)?!O528)&'(!)*+!%)0/*2%)&/!288102/*!

610.!=013%!%-/*!2%!_+9*21!"NNI!2'5!T&1299+%FP&9*+9.!2'5!_+9*21!"NNU!.2;!9+25!)0!



! IY !

%09-)&0'%! )*2)! /011+/)9;! %094+! )*+! 6&1%)! .0.+')7! :-)! 0'9;! 26)+1! )*+! _2-%%&2'!

28810>&.2)&0'!&%!2551+%%+5?!	 	



! IN!

References	
!
[m1(&%%+17!B*1&%)2!W?7!+)!29?!nM+)+1.&'2)&0'!06!'0'9&'+21!25%018)&0'!&%0)*+1.%!610.!
! /09-.'!+>8+1&.+')%o!O'!29)+1'2)&4+!)0!:2)/*!%)-5&+%?n!C'4&10'.+')29!W/&+'/+!
! p!@+/*'090(;!DX?S!G"NNIJo!N#IFN#Y?!
!
M+92-'2;7![01&%?!nW-1!92!%8*+1+!4&5+?n!L<4?!O325?!^2-3!WWWc7!K)5+9+'&+!
! T2)+.2)&/*+%3&&!&!C%)+%)4+'';32!^2-3!X?XNIFYHH!G"NI#Jo!"FD?!
!
V1+-'59&/*7!$?!nM&+!25%018)&0'!&'!9-%-'(+'?n!G"NHUJo!IYSF#XH?!
!
_212:+5&2'7!W)+8*+'!`?!,21(+F%/29+!5&%8+1%&4+!)12'%801)!&'!2A-&6+1%o!V&+95!
! +>8+1&.+')%!2'5!1+2/)&4+!)12'%801)!)*+01;?!M&%%?!T2%%2/*-%+))%!L'%)&)-)+!06!
! @+/*'090(;7!"NYX?!
!
_212:+5&2'7!W)+8*+'!`?7!2'5!M2.-%!c?!,C[,O^B?!nD?!O'29;%&%!06!W82)&29!T0.+')%!601!
! 2!^0'1+2/)&4+!@12/+1?n!P2)+1!c+%0-1/+%!c+%+21/*!DX?S!G"NN"Jo!N""FND#?!
!
_+9*217!,;''!P?!W)0/*2%)&/!%-:%-162/+!*;51090(;?!`1+')&/+F\2997!"NNI?!
!
T&1299+%FP&9*+9.7!V+1'2'50?!W)0/*2%)&/!2'29;%&%!06!%018)&0'!2'5!:&05+(1252)&0'!&'!
! )*1++F5&.+'%&0'299;!*+)+10(+'+0-%!2A-&6+1%?!M&%%?!T2%%2/*-%+))%!L'%)&)-)+!06!
! @+/*'090(;7!"NNI?!
!
T&1299+%�� P&9*+9.7!V?7!2'5!,?!P?!_+9*21?!nW)0/*2%)&/!2'29;%&%!06!%018)&0'!
! .2/103&'+)&/%!&'!*+)+10(+'+0-%!2A-&6+1%?n!P2)+1!1+%0-1/+%!1+%+21/*!ID?U!
! G"NNUJo!"S#"F"S#N?!
!
,+[92'/7!M+'&%!c?7!+)!29?!n,21(+�� %/29+!'2)-129!(125&+')!)12/+1!)+%)!&'!%2'5!2'5!(124+97!
! B28+!B057!T2%%2/*-%+))%o!"?!C>8+1&.+')29!5+%&('!2'5!0:%+14+5!)12/+1!
! .04+.+')?n!P2)+1!c+%0-1/+%!c+%+21/*!DX?S!G"NN"Jo!YNSFN"H?!
!
W-5&/3;7!C5=215!O?!nO!'2)-129!(125&+')!+>8+1&.+')!0'!%09-)+!)12'%801)!&'!2!%2'5!
! 2A-&6+1o!W82)&29!421&2:&9&);!06!*;512-9&/!/0'5-/)&4&);!2'5!&)%!109+!&'!)*+!
! 5&%8+1%&0'!810/+%%?n!P2)+1!c+%0-1/+%!c+%+21/*!DD?"I!G"NYUJo!DHUNFDHYD?!
!
P0057!M24&5!T-&1?!W0&9!:+*24&0-1!2'5!/1&)&/29!%)2)+!%0&9!.+/*2'&/%?!B2.:1&5(+!
! -'&4+1%&);!81+%%7!"NNH?!


	Nonlinear Adsorption Characteristics Of Lithium
	Nonlinear Adsorption Characteristics Of Lithium.2

